ABSTRACT. Given a finite-dimensional complex Lie algebra g equipped with a nondegenerate, symmetric, invariant bilinear form B, let V k (g, B) denote the universal affine vertex algebra associated to g and B at level k. For any reductive group G of automorphisms of V k (g, B) , we show that the invariant subalgebra V k (g, B) G is strongly finitely generated for generic values of k. This implies the existence of a new family of deformable W-algebras W(g, B, G) k which exist for all but finitely many values of the parameter k.
INTRODUCTION
We call a vertex algebra V strongly finitely generated if there exists a finite set of generators such that the collection of iterated Wick products of the generators and their derivatives spans V. Many known vertex algebras have this property, including affine, free field and lattice vertex algebras, as well as the W-algebras W(g, f ) k associated via quantum Drinfeld-Sokolov reduction to a simple, finite-dimensional Lie algebra g and a nilpotent element f ∈ g. Strong finite generation has many important consequences, and in particular implies that both Zhu's associative algebra A(V), and Zhu's commutative algebra V/C 2 (V), are finitely generated.
In recent work, we have investigated the strong finite generation of invariant vertex algebras V G , where V is simple and G is a reductive group of automorphisms of V. This is a vertex algebra analogue of Hilbert's theorem on the finite generation of classical invariant rings. It is a subtle and essentially "quantum" phenomenon that is generally destroyed by passing to the classical limit before taking invariants. Often, V admits a G-invariant filtration for which gr(V) is a commutative algebra with a derivation (i.e., an abelian vertex algebra), and the classical limit gr(V G ) is isomorphic to (gr(V)) G as a commutative algebra. Unlike V G , gr(V G ) is generally not finitely generated as a vertex algebra, and a presentation will require both infinitely many generators and infinitely many relations. generation of W 1+∞,−n implies a certain finiteness property of the modules appearing in S(V )
G . This property, together with a classical theorem of Weyl, yielded the strong finite generation of S(V ) G . Using the same approach, we also proved in [LII] that invariant subalgebras of bc-systems and bcβγ-systems are strongly finitely generated.
In [LIII] we initiated a similar study of the invariant subalgebras of the rank n Heisenberg vertex algebra H(n). The full automorphism group of H(n) preserving a natural conformal structure is the orthogonal group O(n). Motivated by classical invariant theory, we conjectured that H(n) O(n) is a W-algebra of type W(2, 4, . . . , n 2 + 3n). For n = 1, this was already known to Dong-Nagatomo [DN] , and we proved it for n = 2 and n = 3. We also showed that this conjecture implies the strong finite generation of H(n)
G for an arbitrary reductive group G.
In this paper, we study invariant subalgebras of the universal affine vertex algebra V k (g, B) for a finite-dimensional Lie algebra g equipped with a nondegenerate, symmetric, invariant bilinear form B. Recall that V k (g, B) has generators X ξ , which are linear in ξ ∈ g, and satisfy the OPE relations
Let G be a reductive group of automorphisms of V k (g, B) for all k ∈ C. Our main result is Theorem 1.1. For any g, B, and G, V k (g, B)
G is strongly finitely generated for generic values of k, i.e., for k ∈ C \ K where K is at most countable.
A deformable W-algebra is a family of vertex algebras W k depending on a parameter k, equipped with strong generating sets A k = {a k 1 , . . . , a k r }, whose structure constants are continuous functions of k with isolated singularities. It is customary in the physics literature to assume that one of the generators is a Virasoro element (with central charge depending continuously on k) and the remaining generators are primary, but in our definition these conditions have been relaxed. The structure constants here are the coefficients of each normally ordered monomial in the elements of A k and their derivatives, which appear in the OPE of a k i (z)a k j (w), for i, j = 1, . . . , r. An easy consequence of Theorem 1.1 is Corollary 1.2. For any g, B, and G as above, there is a deformable W-algebra W(g, B, G) k which exists for all but finitely many values of k. For generic values of k, W(g, B, G) k = V k (g, B) G .
Perhaps the best-studied examples of deformable W-algebras are the algebras W(g, f ) k associated to a simple, finite-dimensional Lie algebra g, and a nilpotent element f ∈ g (see [KRW] and references therein). These algebras have the property that they are freely generated; there exists a strong finite generating set such that there are no nontrivial normally ordered polynomial relations among the generators and their derivatives (see [DSK] ). By contrast, W(g, B, G) k is generally not freely generated for the simple reason that gr(V k (g, B) ) G ∼ = (Sym j≥0 V j ) G , which is almost never a polynomial algebra. These vertex algebras form a new and rich class of deformable W-algebras, and it is important to study their representation theory as well as their structure. For generic values of k, W(g, B, G) k will be simple, but for special values of k these algebras will possess nontrivial ideals. It is likely that for positive integer values of k, there exist new rational vertex algebras arising as quotients of vertex algebras of this kind.
The proof of Theorem 1.1 is divided into three steps. The first step is to prove it in the special case where g is abelian, so that V k (g, B) ∼ = H(n) for n = dim(g), and G is the full automorphism group O(n) of H(n). The second step (which is a minor modification of Theorem 6.9 of [LIII] ) is to show that the strong finite generation of H(n) O(n) implies the strong finite generation of H(n)
G for an arbitrary reductive group G. The third step is to reduce the general case to the case where g is abelian. More precisely, if G acts on V k (g, B) for all k, G acts on the weight-one subspace V k (g, B) [1] ∼ = g, and G preserves both the bracket and the bilinear form on g. Therefore G ⊂ O(n) and G also acts on H(n). Both V k (g, B) G and H(n) G admit G-invariant filtrations, and we have linear isomorphisms
and isomorphisms of graded commutative rings
Here
G and H(n) G can be viewed as deformations of the same classical invariant ring R = (Sym j≥0 V j )
G . By a theorem of Weyl, there is a natural (infinite) generating set S for (Sym j≥0 V j )
G consisting of a finite set of generators for (Sym
G together with their polarizations. Under (1.1) and (1.2), S corresponds to (infinite) strong generating sets T and U for H(n)
G is strongly finitely generated, we may assume without loss of generality that there is a finite subset T ′ = {p 1 , . . . , p s } ⊂ T , which strongly generates H(n) G . In other words, H(n) G = T ′ , where T ′ denotes the space of normally ordered polynomials in p 1 , . . . , p s and their derivatives. This implies that any q ∈ T admits a "decoupling relation"
where P lies in T ′ . The relations in (Sym j≥0 V j ) G among the generators in S are given by the second fundamental theorem of invariant theory for (G, V ). We may view the decoupling relation (1.3) as a deformation of such a classical relation.
G be the set corresponding to T ′ under (1.1), which we denote by {p 1 , . . . ,p s }, and let U ′ denote the space of normally ordered polynomials inp 1 , . . . ,p s and their derivatives. Given q ∈ T , letq ∈ U be the element corresponding to q under (1.1). We show that for generic values of k, the decoupling relations (1.3) can be used to construct analogous (but more complicated) decoupling relations
G for allq ∈ U, where Q lies in U ′ . This implies that U ′ is a strong generating set for V k (g, B)
G for generic values of k.
Finally, let W(g, B, G) k be the vertex subalgebra of V k (g, B)
G generated by U ′ . Clearly U ′ ⊂ W(g, B, G) k for all k, and the equality U ′ = W(g, B, G) k holds precisely when W(g, B, G) k is strongly generated by U ′ . We will see that W(g, B, G) k is a deformable Walgebra whose structure constants are rational functions of k, so U ′ = W(g, B, G) k for all but finitely many values of k.
The idea of studying V k (g, B)
G via the simpler object H(n) G is analogous to studying classical invariant rings of the form U(g) G via the Poincaré-Birkhoff-Witt abelianization
Here U(g) denotes the universal enveloping algebra of g, and G is a group of automorphisms of U(g). A generating set for U(g) G can be obtained from a generating set for Sym(g) G , and the leading term of a relation among the generators of U(g) G corresponds to a relation among the generators of Sym(g) G . However, more subtle information about the structure and representation theory of U(g) G cannot be reconstructed in this way. Likewise, we can view H(n) as a kind of "partial abelianization" of V k (g, B) . By passing to the full abelianization gr(
, we destroy too much structure, and gr(V k (g, B) ) G generally fails to be finitely generated. By contrast, H(n) retains enough structure (notably, it is still a simple vertex algebra) so that strong generating sets for H(n) G and V k (g, B)
G are closely related.
VERTEX ALGEBRAS
In this section, we define vertex algebras, which have been discussed from various different points of view in the literature (see for example [B] [FLM] [K] [FBZ] ). We will follow the formalism developed in [LZI] and partly in [Li] . Let V = V 0 ⊕ V 1 be a super vector space over C, and let z, w be formal variables. By QO(V ), we mean the space of all linear maps
Each element a ∈ QO(V ) can be uniquely represented as a power series
We refer to a(n) as the nth Fourier mode of a(z). Each a ∈ QO(V ) is assumed to be of the shape a = a 0 + a 1 where a i : V j → V i+j ((z)) for i, j ∈ Z/2Z, and we write |a i | = i. On QO(V ) there is a set of nonassociative bilinear operations • n , indexed by n ∈ Z, which we call the nth circle products. For homogeneous a, b ∈ QO(V ), they are defined by
] denotes the power series expansion of a rational function f in the region |z| > |w|. We usually omit the symbol ι |z|>|w| and just write (z − w) −1 to mean the expansion in the region |z| > |w|, and write −(w − z) −1 to mean the expansion in |w| > |z|. It is easy to check that a(w) • n b(w) above is a well-defined element of QO(V ).
The non-negative circle products are connected through the operator product expansion (OPE) formula. For a, b ∈ QO(V ), we have
Here a(z) − = n<0 a(n)z −n−1 and a(z) + = n≥0 a(n)z −n−1 . Note that : a(w)b(w) : is a well-defined element of QO(V ). It is called the Wick product of a and b, and it coincides with a • −1 b. The other negative circle products are related to this by
where ∂ denotes the formal differentiation operator
. We often omit the formal variable z when no confusion will arise. The set QO(V ) is a nonassociative algebra with the operations • n and a unit 1. We have 1 • n a = δ n,−1 a for all n, and a • n 1 = δ n,−1 a for n ≥ −1. A linear subspace A ⊂ QO(V ) containing 1 which is closed under the circle products will be called a quantum operator algebra (QOA). In particular A is closed under ∂ since ∂a = a• −2 1. Many formal algebraic notions are immediately clear: a homomorphism is just a linear map that sends 1 to 1 and preserves all circle products; a module over A is a vector space M equipped with a homomorphism A → QO(M), etc. A subset S = {a i | i ∈ I} of A is said to generate A if any element a ∈ A can be written as a linear combination of nonassociative words in the letters a i , • n , for i ∈ I and n ∈ Z. We say that S strongly generates A if any a ∈ A can be written as a linear combination of words in the letters a i , • n for n < 0. Equivalently, A is spanned by the collection {:
denotes the super bracket. This condition implies that a • n b = 0 for n ≥ N, so (2.1) becomes a finite sum. If N can be chosen to be 0, we say that a, b commute. A commutative quantum operator algebra (CQOA) is a QOA whose elements pairwise quantum commute. Finally, the notion of a CQOA is equivalent to the notion of a vertex algebra. Every CQOA A is itself a faithful A-module, called the left regular module. Define
Then ρ is an injective QOA homomorphism, and the quadruple of structures (A, ρ, 1, ∂) is a vertex algebra in the sense of [FLM] .
We will refer to a CQOA simply as a vertex algebra throughout the rest of this paper.
The main examples we consider are the universal affine vertex algebras and their invariant subalgebras. Let g be a finite-dimensional Lie algebra over C, equipped with a nondegenerate, symmetric, invariant bilinear form B. The loop algebra g[t,
and Z-gradation deg(ξt n ) = n, deg(κ) = 0. Letĝ ≥0 = n≥0ĝ n whereĝ n denotes the subspace of degree n. For k ∈ C, let C k be the one-dimensionalĝ ≥0 -module on which ξt n acts trivially for n ≥ 0, and κ acts by the k times the identity. Define
, which is easily seen to lie in QO(V k ) and satisfy the OPE relation
The vertex algebra V k (g, B) generated by {X ξ | ξ ∈ g} is known as the universal affine vertex algebra associated to g and B at level k.
Two special cases will be important to us. First, suppose that g is simple, so that B is a scalar multiple of the normalized Killing form , = 1 2h ∨ , K , for some scalar k. In this case, it is customary to denote V k (g, B) by V k (g). Let n = dim(g), and fix an orthonormal basis {ξ 1 , . . . , ξ n } for g relative to , . For k = −h ∨ where h ∨ is the dual Coxeter number, V k (g) is a conformal vertex algebra with Virasoro element
k+h ∨ , such that each X ξ i is primary of weight one. This Virasoro element is known as the Sugawara conformal vector, and it lies in
there is an action of the Lie subalgebra {L n | n ≥ −1} of the Virasoro algebra, such that L −1 acts by translation, L 0 acts diagonalizably, and each X ξ i has weight one. In fact, this quasiconformal structure exists on V k (g, B) for any g and B. We will always assume that V k (g, B) is equipped with this conformal weight grading; note that the weight-one subspace V k (g, B) [1] is then linearly isomorphic to g. Any group of automorphisms of V k (g, B) preserving this grading must act on g and preserve both the bracket and the bilinear form.
Next, suppose that g is abelian. Since B is nondegenerate, V k (g, B) is just the rank n Heisenberg vertex algebra H(n). If we choose an orthonormal basis {ξ 1 , . . . , ξ n } for g, H(n) is generated by {α i = X ξ i | i = 1, . . . , n}, satisfying the OPE relations
There is a conformal structure of central charge n on H(n), with Virasoro element
under which each α i is primary of weight one.
CATEGORY R
Let R be the category of vertex algebras A equipped with a Z ≥0 -filtration
such that A (0) = C, and for all a ∈ A (k) , b ∈ A (l) , we have
Filtrations on vertex algebras satisfying (3.2)-(3.3) were introduced in [Li] , and are known as good increasing filtrations. Setting A (−1) = {0}, the associated graded object gr(A) = k≥0 A (k) /A (k−1) is a Z ≥0 -graded associative, (super)commutative algebra with a unit 1 under a product induced by the Wick product on A. In general, there is no natural linear map A → gr(A), but for each r ≥ 1 we have the projection
Moreover, gr(A) has a derivation ∂ of degree zero (induced by the operator ∂ = d dz on A), and for each a ∈ A (d) and n ≥ 0, the operator a• n on A induces a derivation of degree d − k on gr(A), which we denote by a(n). Here
as in [LL] . Finally, these derivations give gr(A) the structure of a vertex Poisson algebra.
The assignment A → gr(A) is a functor from R to the category of Z ≥0 -graded (super)commutative rings with a differential ∂ of degree 0, which we will call ∂-rings. A ∂-ring is the same thing as an abelian vertex algebra, that is, a vertex algebra V in which [a(z), b(w)] = 0 for all a, b ∈ V. A ∂-ring A is said to be generated by a subset
generates A as a graded ring. The key feature of R is the following reconstruction property [LL] :
Lemma 3.1. Let A be a vertex algebra in R and let {a i | i ∈ I} be a set of generators for gr(A) as a ∂-ring, where a i is homogeneous of degree
As shown in [LI] , there is a similar reconstruction property for kernels of surjective morphisms in R. Let f : A → B be a morphism in R with kernel J , such that f maps
Lemma 3.2. Let {a i |i ∈ I} be a generating set for J as a ∂-ideal, where a i is homogeneous of degree
For any Lie algebra g and bilinear form B, V k (g, B) admits a good increasing filtration
where V k (g, B) (j) is defined to be the vector space spanned by iterated Wick products of the generators X ξ i and their derivatives, of length at most j. We say that elements of
, this filtration is G-invariant, and we have an isomorphism of commutative algebras
has a basis consisting of iterated Wick products of the generators and their derivatives,
) as vector spaces, although not canonically. The filtration (3.5) is inherited by V k (g, B)
G , and
G as commutative rings. Finally, note that Sym j≥0 V j has a natural ∂-ring structure, where the derivation ∂ acts on the generators x j ∈ V j by ∂(x j ) = x j+1 . Clearly ∂ commutes with the action of G, so ∂ acts on (Sym j≥0 V j ) G , and (3.7) is an isomorphism of ∂-rings.
SOME CLASSICAL INVARIANT THEORY
We briefly recall some terminology and results about invariant rings of the form
where each V j is isomorphic to some fixed G-module V . In the terminology of Weyl, a first fundamental theorem of invariant theory for the pair (G, V ) is a set of generators for R.
In some treatments, a first fundamental theorem is defined as a set of generators for the larger ring
A second fundamental theorem of invariant theory for (G, V ) is a set of generators for the ideal of relations among the generators of R.
First and second fundamental theorems of invariant theory are known for the standard representations of the classical groups [We] and for the adjoint representations of the classical groups [P] , but in general it is quite difficult to describe these rings explicitly. However, there is a certain finiteness theorem of Weyl (II.5 Theorem 2.5A of [We] ) that will be useful. Note that for all p ≥ 0, there is an action of GL p on p−1 j=0 V j which commutes with the action of G. The inclusions GL p ֒→ GL q for p < q sending
induce an action of GL ∞ = lim p→∞ GL p on j≥0 V j . We obtain an action of GL ∞ on Sym j≥0 V j by algebra automorphisms, which commutes with the action of G. Hence GL ∞ acts on R as well. The elements σ ∈ GL ∞ are known as polarization operators, and given f ∈ R, σf is known as a polarization of f .
Theorem 4.1. (Weyl) R is generated by the set of polarizations of any set of generators for
G is finitely generated. Hence there exists a finite set {f 1 , . . . , f r } of homogeneous elements of R, whose polarizations generate R.
Note that taking the complete set of polarizations is unnecessary. We can always find a minimal set S of polarizations of {f 1 , . . . , f r } which generates R, such that no element of S is a nontrivial polynomial in other elements of S. Clearly for all p ≥ n, S ∩ (Sym p j=0 ) G will be a finite generating set for (Sym p j=0 )
G . Next, recall that R has the structure of a ∂-ring. For our purposes, we will need a minimal set of generators for R as a ∂-ring, and our set S may not be minimal in this sense. Any element of S of the form ∂ k s for s ∈ S and k > 0, and any nontrivial polynomial in the elements of S and their derivatives can be removed, and the resulting set will still generate R as a ∂-ring.
Let V be a vertex algebra with a good increasing filtration such that V G ∼ = gr(V G ) as linear spaces, and gr(V)
where V j is isomorphic to some finite-dimensional G-module V , for all j ≥ 0. Our main example of such a vertex algebra is V k (g, B) where V ∼ = g. Choose homogeneous elements {f 1 , . . . , f r } ⊂ R whose polarizations generate R, and choose a minimal set S of polarizations which generates R as a ∂-ring. Let T = {s(z)| s ∈ S} ⊂ V G be the set of vertex operators corresponding to S under the linear isomorphism V G ∼ = R. By Lemma 3.1, T is a strong generating set for V G .
Given a homogeneous polynomial p ∈ gr(V G ) ∼ = R of degree d, a normal ordering of p will be a choice of normally ordered polynomial P ∈ (V G ) (d) , obtained by replacing each s ∈ S by s(z) ∈ T , and replacing ordinary products with iterated Wick products of the form (2.2). Of course P is not unique, but for any choice of P we have φ d (P ) = p, where
is the usual projection.
Suppose that p is a relation among the generators of R coming from the second fundamental theorem for (G, V ), which we may assume to be homogeneous of degree d. Let
if it is nonzero, it can be expressed as a polynomial in the variables s ∈ S and their derivatives. Choose some normal ordering of this polynomial, and call this vertex operator
has the property that
Continuing this process, we arrive at a vertex operator
which is identically zero. We view P as a quantum correction of the relation p, and it is easy to see by induction on degree that all normally ordered polynomial relations in V G among the elements of T and their derivatives, are consequences of relations of this kind.
In general, R will not be finitely generated as a ∂-ring. However, since the relations (4.1) are more complicated than their classical counterparts, it is still possible for V G to be strongly generated as a vertex algebra by a finite subset T ′ ⊂ T . For this to happen, each element t ∈ T \ T ′ must admit a "decoupling relation" expressing it as a normally ordered polynomial in the elements of T ′ and their derivatives. Given a relation in V G of the form (4.1), suppose that some t ∈ T \ T ′ appears in P k for some k < d, with nonzero coefficient. If the remaining terms in (4.1) only depend on the elements of T ′ and their derivatives, we can solve for t to obtain such a decoupling relation. The existence of a complete set of decoupling relations for all t ∈ T \ T ′ is a subtle and nonclassical phenomenon, since it depends on precise properties of the quantum corrections appearing in relations of the form (4.1).
INVARIANT SUBALGEBRAS OF HEISENBERG VERTEX ALGEBRAS
In [LIII] we studied invariant subalgebras of the rank n Heisenberg vertex algebra H(n), and we briefly recall our main results. Recall that H(n) ∼ = gr(H(n)) as linear spaces, and gr(H(n)) ∼ = Sym j≥0 V j as commutative rings. Here V j is spanned by {α
The action of O(n) on H(n) preserves the filtration and induces an action of O(n) on gr(H(n)), and
, and isomorphisms of commutative rings
The following classical theorem of Weyl [We] describes the generators and relations of the
Theorem 5.1. For j ≥ 0, let V j be the copy of the standard O(n)-module C n with orthonormal basis {x i,j | i = 1, . . . , n}. The invariant ring (Sym j≥0 V j ) O(n) is generated by the quadratics
is generated by the (n + 1) × (n + 1) determinants
In this notation, I = (i 0 , . . . , i n ) and J = (j 0 , . . . , j n ) are lists of integers satisfying
Under the projection
By Lemma 3.1, the set {ω a,b | 0 ≤ a ≤ b} is a strong generating set for H(n) O(n) . In fact, there is a somewhat more economical set of strong generators which is more natural from the point of view of vertex algebras. For each m ≥ 0, let A m denote the vector space spanned by {ω a,b | a+b = m}, which is homogeneous of weight m+2. We have dim(
Clearly j 2m is not a total derivative, so A 2m has a decomposition
where j 2m is the linear span of j 2m . Similarly,
and it is easy to see that {∂ 2i j 2m−2i | 0 ≤ i ≤ m} and {∂ 2i+1 j 2m−2i |0 ≤ i ≤ m} are bases of A 2m and A 2m+1 , respectively. It follows that {j 2m | m ≥ 0} is an alternative strong generating set for H(n) O(n) .
We can realize H(n) O(n) as the quotient of a vertex algebra V n which is freely generated by vertex operators
. In other words, there are no normally ordered polynomial relations in V n among the generators and their derivatives. There is an alternative strong generating set
Recall the variables Q a,b and q a,b appearing in Theorem 5.1. Since V n is freely generated by {J 2m | m ≥ 0}, and the sets {Ω a,b | 0 ≤ a ≤ b} and {∂ k J 2m | k, m ≥ 0} form bases for the same vector space, we may identify gr(V n ) with C[Q a,b ], and we identify gr(H(n)
There is a good increasing filtration on V n such that (V n ) (2k) is spanned by iterated Wick products of the generators Ω a,b , of length at most k, and (V n ) (2k+1) = (V n ) (2k) . Equipped with this filtration, V n lies in the category R, and π n is a morphism in R. Clearly π n maps each filtered piece
, so the hypotheses of Lemma 3.2 are satisfied. Since I n = Ker(gr(π n )) is generated by the determinants d I,J , we can apply Lemma 3.2 to find vertex operators
is the usual projection. Since Ω a,b has weight a + b + 2, it follows that
Since there are no relations in H(n) O(n) of degree less than 2n + 2, D I,J is uniquely determined by the conditions
] of degree k in the variables Q a,b , recall that a normal ordering of p is a choice of normally ordered polynomial P ∈ (V n ) (2k) , obtained by replacing Q a,b by Ω a,b , and replacing ordinary products with iterated Wick products. For any choice of P we have φ 2k (P ) 
. Using the procedure outlined in Section 4, we can find a sequence of quantum corrections D 2k I,J for k = 1, . . . , n, which are homogeneous, normally ordered polynomials of degree k in the variables Ω a,b , such that In this decomposition, the term D 2 I,J lies in the space A m spanned by {Ω a,b | a + b = m}, for m = |I| + |J| + 2n. From now on, we will restrict ourselves to the case where m is even. In this case, A m = ∂ 2 (A m−2 ) ⊕ J m , and we define pr m : A m → J m to be the projection onto the second term. In [LIII] we defined the remainder R I,J to be pr m (D 2 I,J ). We write (5.12)
. By Lemma 4.4 of [LIII] , R n (I, J) is independent of the choice of decomposition (5.11).
Define a grading H(n) = r≥0 H(n) (r) , where H(n) (r) is spanned by all normally ordered monomials
for all i = 1, . . . , n, and
This grading is compatible with the good increasing filtration on H(n) in the sense that
preserves the grading, so we obtain a grading
and an isomorphism of graded vector spaces
Let p ∈ (Sym j≥0 V j ) O(n) be a homogeneous polynomial of degree 2d, and let f = (i n ) −1 (p) ∈ (H(n) O(n) ) (2d) be the corresponding homogeneous vertex operator. Let F ∈ (V n ) (2d) be a vertex operator satisfying π n (F ) = f , where π n : V n → H(n) O(n) is the projection. We can write F = d k=1 F 2k , where F 2k is a normally ordered polynomial of degree k in the vertex operators Ω a,b .
Next, letṼ be the vector space C n+1 , and let
be the generator given by (5.2). HereṼ j is isomorphic toṼ for j ≥ 0. Letp be the polynomial of degree 2d obtained from p by replacing each q a,b withq a,b , and letf Proof. The argument is the same as the proof of the corresponding statement (Corollary 4.14 of [LI] ) and is omitted.
We shall find a recursive formula for R n (I, J) in the case where m = |I| + |J| + 2n is even. Note that for a + b = m, we have pr m (Ω a,b ) = (−1) m J m . Using this fact, it is easy to check that for n = 1, I = (i 0 , i 1 ) and J = (j 0 , j 1 ), (5.13) R 1 (I, J) = (−1)
Next, we will express R n (I, J) for all I = (i 0 , . . . , i n ), J = (j 0 , . . . , j n ) in terms of the expressions R n−1 (K, L). Let d I,J and D I,J be the corresponding elements of C[Q j,k ] and V n , respectively. By expanding the determinant d I,J along its first column, we have
where I r = (i 0 , . . . , i r , . . . , i n ) is obtained from I by omitting i r , and J ′ = (j 1 , . . . , j n ) is obtained from J by omitting j 0 . Let D Ir,J ′ ∈ V n−1 be the vertex operator corresponding to the n × n determinant d Ir,J ′ . By Lemma 5.2, there exists a decomposition
Ir,J ′ ∈ V n has the property that π n (D Ir,J ′ ) lies in the homogeneous subspace (H(n) O(n) ) (2n) of degree 2n. We have (5.14)
The right hand side of (5.14) consists of normally ordered monomials of degree at least 2 in the vertex operators Ω a,b , and hence contributes nothing to the remainder R I,J . Since π n (D Ir,J ′ ) is homogeneous of degree 2n, π n (: Ω ir,j 0D I ′ ,J r :) consists of a piece of degree 2n + 2 and a piece of degree 2n coming from all double contractions of Ω ir,j 0 with terms inD I ′ ,Jr , which lower the degree by two. The component of
in degree 2n + 2 must cancel since this sum corresponds to the classical determinant d I,J . The component of : Ω ir,j 0D Ir,J ′ : in degree 2n is
In this notation, for k = 0, . . . , n and k = r, I r,k is obtained from I r = (i 0 , . . . , i r , . . . , i n ) by replacing the entry i k with i k + i r + j 0 + 2. Similarly, for l = 1, . . . , n, J Ir,J ′ :. It follows that R n (I, J) is the negative of sum of the terms
We therefore obtain the following recursive formula:
For I = (0, 1, . . . , n) = J, D I,J is the unique element (up to scalar multiples) of minimal weight n 2 + 3n + 2 in the ideal
appearing in the remainder R I,J . Using our recursive formula we can calculate the first few values of R n : In [LIII] , the values R 1 , R 2 , and R 3 also appear, but R 1 was stated (erroneously) to be − . The condition R n = 0 gives us a decoupling relation
, where P is a normally ordered polynomial in j 0 , j 2 , . . . , j n 2 +3n−2 and their derivatives. By Theorem 4.7 of [LIII] , if such a decoupling relation exists, by applying the operator j 2 • 1 repeatedly, we can construct higher decoupling relations
for all r > 1 2
(n 2 + 3n). Since R n = 0 for n ≤ 6, these calculations imply the following result:
Theorem 5.3. For n ≤ 6, H(n) O(n) has a minimal strong generating set {j 0 , j 2 , . . . , j n 2 +3n−2 }, and in particular is a W-algebra of type W(2, 4, . . . , n 2 + 3n).
Even though we do not prove the conjecture that R n = 0 for all n, we can still show that H(n) O(n) is strongly finitely generated. Let
and define a function f (a) = R n (I, J). It is immediate from (5.13) and (5.16) that f (a) is a rational function of a, so it has at most finitely many zeroes. Let a 0 be the minimal value of a such that f (a 0 ) = 0, and let m = 1 2 (n 2 + 2n + a 0 ). It follows that the coefficient of J 2m appearing in D 2 I,J is nonzero, so we obtain a decoupling relation j 2m = P (j 0 , j 2 , . . . , j 2m−2 ).
As in the proof of Theorem 4.7 of [LIII] , applying the operator j 2 • 1 repeatedly yields decoupling relations j 2r = Q r (j 0 , j 2 , . . . , j 2m−2 ) for all r > m. This proves
is strongly generated by {j 0 , j 2 , . . . , j 2m−2 }.
For an arbitrary reductive group G of automorphisms of H(n), the structure of H(n) G can be understood by decomposing H(n) G as a module over H(n) O(n) . By Theorem 5.1 of [LIII] , the Zhu algebra of H(n) O(n) is abelian, which implies that all its irreducible, admissible modules are highest-weight modules. Moreover, both H(n) and H(n) G decompose as direct sums of irreducible, highest-weight H(n) O(n) -modules. By Theorem 6.1 of [LIII] , there is a finite set of irreducible H(n) O(n) -submodules of H(n) G whose direct sum contains an (infinite) strong generating for H(n) G . This shows that H(n) G is finitely generated as a vertex algebra. If we assume the conjecture that R n = 0, so that {j 0 , j 2 , . . . , j n 2 +3n−2 } strongly generates H(n) O(n) , Theorem 6.9 of [LIII] shows that H(n) G is strongly finitely generated. In fact, the only step where this conjecture was needed was the proof of Lemma 6.7 of [LIII] , which gives a finiteness property of each irreducible, highest-weight H(n) O(n) -submodule of H(n). This proof of this lemma goes through if we replace 1 2 (n 2 + 3n) with the integer m appearing in Theorem 5.4 above. This proves Theorem 5.5. For all n ≥ 1 and any reductive group G ⊂ O(n), H(n) G is strongly finitely generated.
INVARIANT SUBALGEBRAS OF AFFINE VERTEX ALGEBRAS
Let g be an n-dimensional Lie algebra equipped with a nondegenerate, symmetric, invariant bilinear form B, and let G be a reductive group of automorphisms of V k (g, B) preserving the conformal weight grading, for all k ∈ C. In this section, we will prove Theorem 1.1, which states that V k (g, B)
G is strongly finitely generated for generic values of k. Since G acts on g and preserves both the bracket and the bilinear form, G lies in O(n), and therefore acts on H(n) as well. The key idea behind the proof is that both V k (g, B) and H(n) admit G-invariant, good increasing filtrations, and we have linear isomorphisms
G and isomorphisms of graded commutative rings
where
G and H(n) G can be viewed as deformations of the same classical invariant ring R = (Sym j≥0 V j ) G . By Theorem 4.1, there is a finite set {f 1 , . . . , f t } of homogeneous generators for (Sym n−1 j=0 V j ) G , whose polarizations generate R. Let {d 1 , . . . , d r } be the set of distinct degrees of the elements {f 1 , . . . , f t }, with d 1 < d 2 < · · · < d r . Since the action of GL ∞ on R preserves degree, all polarizations of these elements must have degree d j for some j = 1, . . . , r. As in Section 4, we may choose a minimal subset S of these polarizations, which generates R as a ∂-ring. It follows from Lemma 3.1 that the sets T ⊂ H(n) G and U ⊂ V k (g, B)
G corresponding to S under the linear isomorphisms H(n)
G , are strong generating sets for H(n) G and V k (g, B) G , respectively.
Even though S is a minimal generating set for R as a ∂-ring, T and U need not be minimal strong generating sets for H(n) G and V k (g, B) G , respectively, as vertex algebras. In fact, since H(n)
G is strongly finitely generated, there is a finite set
which we may assume without loss of generality to be a subset of T , which strongly generates H(n) G . In other words, H(n) G = T ′ , where T ′ denotes the space of normally ordered polynomials in p 1 , . . . , p s and their derivatives. Let S ′ ⊂ S ⊂ R be the subset corresponding to T ′ under the linear isomorphism H(n) G ∼ = R, and let S ′ denote the space of polynomials in the elements of S ′ and their derivatives. In general, S ′ will not generate R as a ∂-ring, so S ′ will be a proper subset of S. Since S is a minimal generating set for R as a ∂-ring, it follows that
Otherwise such elements could be removed from S and the resulting set would still generate R as a ∂-ring. Let w 0 be the maximal weight of elements of T ′ . Without loss of generality, we may assume that T ′ contains all elements of T of weight at most w 0 . Let q ∈ T be a vertex operator of weight w > w 0 and degree d, which must coincide with d j for some j = 1, . . . , r, since these are the only possible degrees of elements of T . Since T ′ is a strong generating set for H(n) G , there exists a decoupling relation
where P lies in T ′ . Without loss of generality, let us choose P so that its leading term has minimal degree e. We may write
where d 1 is the minimal degree of the elements of T , and P a ∈ T ′ is a homogeneous, normally ordered polynomial of total degree a. (In other words, P a is a normal ordering of some homogeneous polynomial of degree a in the elements of S ′ and their derivatives). Moreover, since there are only double contractions in the vertex algebra H(n), we may assume that the degree of each nontrivial term appearing in P has the same parity as d. In other words, P a = 0 whenever a − d ≡ 1 mod 2. In particular, e has the same parity as d. It is clear from (6.1) that e > d and that the leading term P e is a normal ordering of some relation in R; as is Section 4, we may view (6.2) as a quantum correction of this relation. In fact, we can rewrite (6.2) in the form
It is convenient to introduce the parameter k into our Heisenberg algebra H(n). We denote by H k (n) the vertex algebra with generators α i (z), i = 1, . . . , n, and OPE relations
Of course the vertex algebras H k (n) are all isomorphic for k = 0, and for any reductive G ⊂ O(n), the invariant subalgebras H k (n) G are isomorphic as well. The generators of H k (n) G are the same for all k = 0, but since each double contraction among the generators of H k (n) introduces a factor of k, the decoupling relation corresponding to (6.2) becomes
We use the same notation T ′ = {p 1 , . . . , p s } for our strong generating set, regarded now as a subset of H k (n) G . As above, we may rewrite (6.4) in the form (6.5)
G denote the subset corresponding to T ′ under the linear isomorphism
G . Letp i ∈ U ′ be the elements corresponding to p i ∈ T ′ , and let U ′ denote the space of normally ordered polynomials inp 1 , . . . ,p s and their derivatives. Givenq ∈ U corresponding to q ∈ T , we will use the modified decoupling relation (6.4) to construct an analogous relation
G . Here Q a is a normally ordered polynomial of total degree a in the elements of U and their derivatives, and the coefficient λ(k) is a polynomial in k whose leading term is k 1 2 (e−d) . Unlike P a which lies in T ′ , Q a need not lie in U ′ , so (6.6) need not be a decoupling relation, and will require further modification. If we work in an orthonormal basis {X ξ i | i = 1, . . . , n} for g relative to , , the second-order poles in the OPEs of
amounts to "turning on" the first-order polar part of the OPEs among the generators
.
Given a normally ordered polynomial
G denote the corresponding normally ordered polynomial in the elements of U. g, B) ) G as graded rings,P e is a normal ordering of a relation in R. As in Section 4, there exist
G of degree a for a = d 1 , . . . , e with B e =P e , and e a=d 1 B a = 0. Note that the indices a need not be parity-homogeneous because there are both single and double contractions in V k (g, B) G . There is a lot of flexibility in the choice of these quantum corrections, and as we shall see, certain pieces have to be chosen with some care.
The important observation is that the coefficients of all monomials appearing in B a are polynomials in k. The leading degree of such a coefficient, regarded as a polynomial in k, will be called the k-degree. It is clear from the OPE relations in V k (g, B) that each double contraction among the generators X ξ i , which lowers the total degree by two, will introduce a factor of k, and each single contraction, which lowers the degree by one, will not introduce a factor of k. For each term B a for which a has the the same parity as e, the highest k-degree that can occur is 1 2 (e − a), which occurs only if every possible contraction was a double contraction. These terms are therefore the same as the corresponding terms in the relation (6.5) in H k (n) G . More precisely, for all a of the same parity as e, we may choose B a so that
where (· · · ) consists of monomials whose coefficients have lower k-degree. Note also that when a has the same parity as e, the coefficient of each term appearing in B a−1 has k-degree at most 1 2 (e − a).
where the coefficient of each term appearing in (· · · ) has k-degree at most
we can rewrite (6.8) in the form
whereq does not appear in (· · · ), and λ(k) is a polynomial in k whose leading term is k
a of the form (6.6). Note that Q d is independent ofq, and whenever a and e have the same parity, Q a satisfies
where the coefficient of each term in (· · · ) has lower k-degree. For a < e, the termP a lies in U ′ , but the other terms appearing in Q a need not lie in U ′ , and can depend on other elements of U. We need to systematically eliminate these variables for generic values of k, and construct a decoupling relation expressingq as an element of U ′ .
We begin with the elements of weight w 0 + 1. Recall that d 1 , . . . , d r are the distinct degrees of the elements of U, with d 1 < d 2 < · · · < d r . For j = 1, . . . , r, let {q j,1 , . . . ,q j,t j } be the set of elements of U of weight w 0 + 1 and degree d j . Let
be the sets corresponding to {q j,1 , . . . ,q j,t j } under the linear isomorphisms
G . First we consider the elementsq 1,1 , . . . ,q 1,t 1 of minimal degree d 1 . For each of the corresponding elements q 1,i ∈ T , there is a decoupling relation
G of the form (6.4), where e 1,i has the same parity as d 1 , and each P a 1,i lies in T ′ . There is a corresponding relation (6.10)
G of the form (6.6), where the coefficient λ 1,i (k) has k-degree 1,i appearing in (6.9) lies in T ′ , and q 1,j lies in T \ T ′ for j = 1, . . . , t 1 , it follows from (6.1) that q 1,j does not appear in P
We can rewrite these relations in the form of a linear system of t 1 equations (6.11)
, since all the elements of degree d 1 that do not lie in U ′ now appear on the left hand side of (6.11). In fact, we claim that for d 1 < a < d 2 , each term R a 1,i lies in U ′ . Since every element of U has degree d i for some i = 1, . . . , r, and d 1 < a < d 2 , it follows that R a 1,i is a normally ordered polynomial in the degree d 1 elements of U and their derivatives. Since a > d 1 , each term in R a 1,i must be nonlinear in these generators, and in particular a must be a multiple of d 1 . Since the weight of R a 1,i is w 0 + 1, each factor of degree d 1 appearing in each monomial can have weight at most w 0 , and hence will lie in U ′ .
Since the diagonal entries µ i,i (k) appearing in (6.11) have k-degree 1 2 (e 1,i − d 1 ), and all other entries µ i,j (k) for j = i have lower k-degree, the determinant of this system is a nonzero polynomial of leading k-degree
Hence this system is invertible over the fraction field C(k), so we obtain new relations of the form Clearly the higher terms S a 1,i for a ≥ d 2 need not lie in U ′ , so we need to iterate this procedure and further modify the relations (6.12). Recall thatq 2,1 , . . . ,q 2,t 2 ∈ U are the elements of degree d 2 and weight w 0 + 1, and q 2,1 , . . . , q 2,t 2 are the corresponding elements
of the form (6.4), where e 2,i has the same parity as d 2 , and P a 2,i is a homogeneous normally ordered polynomial of degree a in T ′ . The corresponding relation in V k (g, B) G is of the form (6.14)
where λ 2,i (k) has k-degree 2,i is independent ofq 2,i , but may depend on the elementsq 2,j for j = i. However, the coefficient ofq 2,j in Q 2,i in (6.14) need not lie in U ′ , and may depend on the elementsq 1,1 , . . . ,q 1,t 1 . We need to eliminate these terms using the relations (6.12) constructed above. Suppose first that d 1 and d 2 have the same parity. Since the degree
G in (6.13) lies in T ′ , it follows that the coefficient of each term q 1,1 , . . . ,q 1,t 1 appearing in Q 2,i for some l = 1, . . . , t 1 , we can use (6.12) in the case i = l to eliminate it. Of course this can introduce a new multiple ofq 2,j for j = 1, . . . , t 2 , in degree d 2 . However, the maximal k-degree of terms appearing in S
, which is a negative integer since (6.12) has been normalized so that the k-degree of the left hand side is zero. Hence the coefficients of these new multiples ofq 2,j must be rational functions of k, of k-degree at most
Since the coefficient λ 2,i (k) ofq 2,i in (6.14) has k-degree 1 2 (e 2,i − d 2 ), any multiple ofq 2,i introduced by our procedure of eliminating the degree d 1 termsq 1,l cannot cancel the term λ 2,i (k)q 2,i . So we can collect terms involvingq 2,i and rewrite our relation in the form
where the coefficient ν 2,i (k) is a rational function of k-degree 1 2 (e 2,i − d 2 ), and R a 2,i lies in
Note that our elimination procedure may have introduced terms in degree greater than e 2,i , so it is possible that e ′ 2,i > e 2,i . Finally, the degree d 2 term R d 2 2,i is independent ofq 2,i , and still has the property that the coefficient of any term of the form q 2,j for j = i has k-degree at most 2,i of the formq 1,l can be eliminated using the relations (6.12). Since the maximal k-degree of terms appearing in S
, this procedure may introduce new terms of the formq 2,j in degree d 2 , but their coefficients will be rational functions in k, of k-degree at most 1 2 (e 2,i
Thus we can collect terms involvingq 2,i as above, and we obtain a similar relation of the form (6.15), where R a 2,i lies in
2,i is independent ofq 2,i , but may depend onq 2,j for j = i. However, the coefficient of such terms can have k-degree at most 
2,i need not lie in U ′ , but we can eliminate the termsq 2,j for j = i which do not lie in U ′ using the same procedure we used in the degree d 1 case. First, we rewrite the relations (6.15) in the form of a linear system of t 2 equations
As in the case of (6.11), the corresponding determinant is invertible over C(k), so we obtain new relations Now, using the same procedure, for each elementq 3,1 , . . . ,q 3,t 3 ∈ U of weight w 0 + 1 and degree d 3 , we can construct a relation of the form ′ . Now we can substitute these relations into the relations (6.16) forq r−1,i in the case j = r, eliminating all variables of the formq r,i that occur in T a r−1,i for a ≥ d r . This produces decoupling relations expressing eachq r−1,i as an element of U ′ , for i = 1, . . . , t r−1 .
Inductively, once we have constructed decoupling relation for all elements of the form q k,l with j ≤ k ≤ r and l = 1, . . . , t k , we can eliminate all variables of the formq k,l for j ≤ k ≤ r in the relations (6.16) forq j−1,i . We obtain decoupling relations expressing each q j−1,i for i = 1, . . . , t j−1 , as an element of U ′ . At the end of this procedure, we have a decoupling relation for each element of U of weight w 0 +1. We repeat this entire procedure for weights w 0 + 2, w 0 + 3, etc. This shows that if we work over the field C(k), we can find a complete set of decoupling relations, expressing each element of U as an element of U ′ . Now we are ready to prove Theorem 1.1.
G denote the vertex subalgebra generated by U ′ . Clearly U ′ ⊂ W(g, B, G) k , and we have U ′ = W(g, B, G) k precisely when W(g, B, G) k is strongly generated by U ′ . In each weight w, the construction of our decoupling relations required us to invert a finite set of determinants over C(k) which are certain rational function of k, so finitely many values of k must be excluded. Taking the union of these excluded values over all weights, it follows that the set of k for which the equality (6.17)
G can fail is at most countable. Therefore (6.17) holds for generic values of k.
Recall that a deformable W-algebra is a family of vertex algebras W k , equipped with strong generating sets A k = {a k 1 , . . . , a k r }, whose structure constants are continuous functions of k with isolated singularities. The structure constants are just the coefficients of each normally ordered monomial in the elements of A k and their derivatives appearing in the OPE of a
Proof of Corollary 1.2. We claim that the vertex algebra W(g, B, G) k generated by U ′ as above is a deformable W-algebra. Let E ⊂ C be the set of all values of k for which U ′ = W(g, B, G) k . A priori, it is possible that the set D on which (6.17) holds, is a proper subset of E. In other words, there may be values of k for which
G . For k ∈ E, the structure constants of W(g, B, G) k are clearly rational functions of k. Since there are only finitely many structure constants, there can be only finitely many singular points k 1 , . . . , k t , and we have E = C \ {k 1 , . . . , k t }.
Unlike the algebras W(g, f ) k associated via quantum Drinfeld-Sokolov reduction to a simple, finite-dimensional Lie algebra g and a nilpotent element f ∈ g, the vertex algebras W(g, B, G) k are in general not freely generated. To see this, let V be a vertex algebra in the category R, equipped with a good increasing filtration V (0) ⊂ V (1) ⊂ · · · . Suppose that V is freely generated by some collection {a i (z)|i ∈ I}, where
Since there are no normally ordered polynomial relations among the generators and their derivatives, it follows that gr(V) is the polynomial algebra with generators a i = φ d i (a i (z)) and their derivatives. Hence V cannot be freely generated if gr(V) is not a polynomial algebra. In general, for a group G and linear G-representation V , (Sym j≥0 V j ) G is not a polynomial algebra, so W(g, B, G) k will not be freely generated. 7. A CONCRETE EXAMPLE: g = sl 2 AND G = SL(2)
In this section we consider the SL(2)-invariant subalgebra of V k (sl 2 ) in order to give the reader a feeling for the structure of the invariant vertex algebras studied in this paper. The vertex algebra V k (sl 2 ) SL(2) was previously studied in [BFH] , where it was conjectured to be strongly finitely generated. We work in the usual root basis x, y, h satisfying
We need the following theorem of Weyl [We] which describes polynomial invariants for the adjoint representation of sl 2 .
Theorem 7.1. For n ≥ 0, let V n be a copy of the adjoint representation of sl 2 , with basis {a The ideal of relations among the variables q ij and c klm is generated by polynomials of the following two types:
(7.3) q ij c klm − q kj c ilm + q lj c kim − q mj c kli , (7.4) c ijk c lmn + 1 4 q il q im q in q jl q jm q jn q kl q km q kn .
Recall that sl 2 ∼ = so 3 as complex Lie algebras, and the adjoint representation V of sl 2 is isomorphic to the standard representation W of so 3 . Hence for V j ∼ = V and W j ∼ = W , the invariant rings (Sym j≥0 V j ) sl 2 and (Sym j≥0 W j ) so 3 are isomorphic, and we may identify these rings. Recall that SO(3) acts on the Heisenberg algebra H(3), and we have linear isomorphisms (7.5) H(3) SO(3) ∼ = gr(H(3)) SO(3) ∼ = (Sym
SL (2) and isomorphisms of ∂-rings (7.6) gr(H(3)) SO(3) ∼ = (Sym j≥0 V j ) sl 2 ∼ = gr(V k (sl 2 )) SL(2) .
Under (7.5), the generating set {q ij , c klm } for (Sym j≥0 V j ) sl 2 corresponds to strong generating sets {Q ij , C klm } for H(3) SO(3) and {Q ij ,C klm } for V k (sl 2 ) SL(2) , respectively, by Lemma 3.1. In this notation, Q ij corresponds to the element ω i,j given by (5.5), and Q 0,2m corresponds to j 2m , which is given by (5.6). Note that Q ij andQ ij have weight i + j + 2, and C klm andC klm have weight k + l + m + 3. In terms of the generators X x , X y , X h for V k (sl 2 ), we have (7.7)Q ij =:
(7.8)
It is clear from Theorem 7.1 that (Sym j≥0 V j ) sl 2 is not a polynomial ring, so V k (sl 2 )
SL (2) is not freely generated by any set of vertex operators.
Next, we find a strong finite generating set for H(3) SO(3) , using the structure of H (3) SO (3) as a module over H(3) O(3) and the fact that H(3) O(3) is a W-algebra of type W(2, 4, 6, . . . , 18). By Theorem 6.1 of [LIII] , for any G ⊂ O(3), there is a finite set of irreducible, highestweight H (3) O(3) -submodules of H(3) whose direct sum contains a strong generating set for H (3) G . In the case G = SO(3), we only need two such modules M 0 and M, where M 0 = H(3) O(3) , which has highest-weight vector 1 and contains all the quadratics Q ij , and M has highest-weight vector C 012 and contains all the cubics C klm .
Recall from [LIII] that the Lie algebra P generated by {j 2l (k)| k, l ≥ 0} acts by derivations of degree zero on gr(H(3)) SO(n) . Let M ′ ⊂ M be the P-submodule of M generated by C 012 , which lies in the filtered component M (3) since C 012 ∈ M (3) and P preserves the filtration. By Lemma 6.6 of [LIII] , M ′ is spanned by elements of the form (7.9) j 2l 1 (k 1 )j 2l 2 (k 2 )j 2l 3 (k 3 )C 012 , k i ≤ 5, since we have d = 3 and m = 2 in this case. Without loss of generality, we may assume that l i ≥ l j for i, j = 1, 2, 3, and k i ≤ k j whenever l i = l j . Letting H(3) O(3) [k] denote the subspace of conformal weight k, define the Wick ideal M W ick ⊂ M to be the subspace spanned by : a(z)b(z) :, a(z) ∈ k>0 H(3) O(3) [k], b(z) ∈ M.
By Lemma 6.7 of [LIII] , M/M W ick is finite-dimensional, so there exists a finite set S ⊂ M such that M is spanned by the elements : ω 1 (z) · · · ω t (z)α(z) :, ω j (z) ∈ H(3) O(3) , α(z) ∈ S.
It follows from the proof of Lemma 6.7 of [LIII] that S can be taken to be a subset of M ′ . We claim that S can be taken to be any basis for the subspace of M ′ of weight at most 327. Since j 2l (k) has weight 2l − k + 1 and C 012 has weight 6, (j 106 (0)) 3 C 012 has weight 327. It follows that for any element ω = j 2l 1 (k 1 )j 2l 2 (k 2 )j 2l 3 (k 3 )C 012 ∈ M ′ of the form (7.9) of weight greater than 327, we must have 2l 1 ≥ 108. The minimal weight of j 2l 1 (k 1 ) is 104 and occurs if 2l 1 = 108 and k 1 = 5. Using the decoupling relation j 2l 1 = Q 2l 1 (j 0 , . . . , j 16 ), the operator j 2l 1 (k 1 ) can be expressed as a linear combination of operators of the form (7.10) j 2r 1 (s 1 ) · · · j 2rt (s t ), 2r i ≤ 16, s i ∈ Z.
Using the formula which holds for any n > 0 and any vertex operators a, b, c in a vertex algebra A, it is easy to check that j 2l 1 (k 1 ) is a linear combination of terms of the form (7.10) with 1 ≤ t ≤ 6, and t i=1 s i = 6 − t. The maximal weight of such terms involving no creation operators is 102, since (j 16 (0)) 6 has weight 102. Since j 2l 1 (k 1 ) has weight at least 104, each term of the form (7.10) will involve creation operators. Therefore ω lies in the Wick ideal.
Since all terms of the form (7.9) are linear combinations of the C klm , we may take S = {C klm | wt(C klm ) = k + l + m + 3 ≤ 327}.
Theorem 6.9 of [LIII] then shows that S ∪ {Q 0,2j | 0 ≤ j ≤ 8} is a strong finite generating set for H(3) SO(3) . Finally, by combining this with our main result we obtain Theorem 7.2. The corresponding set
whereQ ij andC klm are given by (7.7)-(7.8), is a strong finite generating set for V k (sl 2 ) SL(2) for generic values of k.
Computer calculations indicate that this strong generating set is much larger than necessary. We hope to return to the question of finding minimal strong generating sets for these vertex algebras in the future.
